An improved algorithm is presented to overcome the shortage of the domain decomposition algorithm based on equivalence principle for multiple bodies of revolutions (EPA-MBoR). In a dense distribution of non-coaxal bodies of revolution (BoRs) containing at least two very close BoRs, no matter how to establish sphere equivalence surfaces (ESs), they are intersecting. It violates the equivalence principle and causes error results. The improvement is introduced to overcome the defect. In the improved algorithm, a sphere ES cluster is built on each BoR instead of a single sphere ES. We can freely adjust the sphere ES clusters on each BoR to avoid the intersection among them. The numerical results verify the above improvement successfully overcomes the deficiency and show the improved algorithm inherits the high efficiency of the previous algorithm.
I. INTRODUCTION
The body of revolution (BoR) is a common scatterer, which is formed by a generatrix revolving around a symmetrical axis. Because of its special structure, the Fourier series can be used to expand its surface currents by the method of moment (MoM) [1] , [2] , and then a series of independent 2 dimensional (2D) mode equations are set up. By solving the 2D mode equations respectively, the surface scattering currents can be obtained very efficiently. This method costs much fewer computation and storage comparing with traditional MoM method [3] - [5] . Many scholars [6] - [12] have studied MoM-BoR thoroughly, and proposed different acceleration algorithms to enable MoM-BoR to calculate electromagnetic (EM) scattering from electrically huge BoRs. However, the method has no advantage in calculating that from a group of non-coaxial BoRs, such as the modeling of multiple warheads. The reason is that each Fourier mode current on different non-coaxial BoRs is no longer independent.
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To solve above problem, a domain decomposition algorithm based on equivalence principle for multiple bodies of revolutions (EPA-MBoR) was introduced in [13] . EPA was built on integral equations (IE) proposed by Li and Chew et al. [14] - [16] and has been widely studied [17] - [23] . Be different from other domain decomposition methods (DDMs) based on IE [24] - [27] , EPA requires the establishment of arbitrary-shaped equivalence surfaces (ESs) enclosing each subdmains. And then the equivalence scattering currents on ESs are treated as unknowns instead of the ones on the scatter. ESs can also separate fine structures from a multiscale scatter or make use of repeatability of a large group. But in EPA-MBoR, the shape of ES is fixed to sphere. The local coordinate system is built on each pair of sphere ESs, where different Fourier modes of the equivalence and translation operators can be computed independently. The current coefficient transformation algorithm is proposed to transform the equivalence currents among local coordinate systems. Therefore, EPA-MBoR can completely inherit the benefits of MoM-BoR.
However, EPA-MBoR is not workable for calculating EM scattering from dense distribution of non-coaxal BoRs.
The sphere ESs of two very close BoRs overlap in any case. Thus, the interaction between them cannot be calculated by their overlapped ESs according to the equivalence principle. The overlapped ESs cause EPA-MBoR failed. In [28] , the method of reconstructed source was presented to solve similar problems. The method reconstructed the equivalence currents on ESs by calculating the Moor-Penrose (MP) pseudoinverse matrix of the inside-out matrix in equivalence operators and reconstructing the translation operators of the overlapped ESs. But for the dense distribution of non-coaxial BoRs problems, the translation operators cannot be decomposed into independent Fourier mode matrices, leading to low computational efficiency. So the method isn't workable for dense MBoR problems. In addition, there are still other methods for dealing with similar problems [15] , but they aren't workable either for the same reason.
In this paper, we use a sphere ES cluster instead of a single sphere ES on each BoR for overcoming the above shortage in EPA-MBoR. Firstly, each BoR is cut into several segments along its axis. Each segment is surrounded by a sphere ES, whose center falls on the axis of the BoR. There is no interaction among sphere ESs in the same cluster. The sphere ES clusters are only used to calculate the interactions among different subdomains. By changing the total number and radii of sphere ESs in each cluster, the intersection of the clusters on two very close BoRs can be avoided. But for a large group, the computation consumption increases with the number of ESs in the clusters. For this reason, we build one sphere ES to surround each cluster. Herein, the outer sphere ES is called outer-layer ES, and the sphere ES cluster the inner-layer ES. The interaction between two well-separated subdomains are calculated by their outer-layer ESs and two adjacent subdomains by their inner-layer ESs. By doing so, the computation consumption of the improved algorithm is even better than the previous one.
The outline of the rest of this paper is organized as follow. Section II is a brief review of the previous algorithm. Section III is a detailed description of the improved algorithm. Section IV gives the analysis and discussion of some numerical examples. At last, a brief conclusion is given in Section V.
II. A BRIEF REVIEW OF PREVIOUS ALGORITHM A. REVIEW OF EPA
EPA is based on the principle of equivalence. According to the principle of equivalence, the EM scattering fields induced by the source on scatters can be calculated by the equivalence electric and magnetic currents on a ES surrounding the scatters, as shown in Fig. 1 . The equivalence electrical and magnetic currents are equal to the tangential component of the scattering electric and magnetic fields induced by the sources on scatters, i.e., J eq (r ) =n(r )×H s (r ) and M eq (r ) = −n(r )×E s (r ). Herein, r is a point out of the ES; r is a point on the ES; r is a point in the ES;n(r ) is a normal unit vector at r pointing from the side of the source to that of the field; E s (r )/H s (r ) denotes the scattering electrical or magnetic field at r ; J eq (r )/M eq (r ) denotes the equivalence electric or magnetic scattering currents at r . Fig. 1 (b) shows that the scattering fields outside the ES induced by J eq (r ) and M eq (r ) are equal to that induced by the original source on scatters.
In EPA, as shown in Fig. 2 , ESs are established on subdomains. The equivalence operate S and translation operator T are used to calculate the equivalence precess and translation process. In the equivalence process, the unknowns on the scatter are equivalent by J eq (r )/M eq (r ) on the ESs. In translation process, the interactions among different subdomains are calculated by the ESs. The above processes can summarize by the below formula:
In which, j eq and m eq represent the basis function coefficient vectors of the equivalence electric and magnetic scattering currents, i.e., the unknown vectors; superscript eq represents the variable on ESs and in the variable of incident source; subscript i and j are the serial numbers of the observation subdomain and source subdomain; Q is the total number of subdomains. The details of each operator and variable can be found in [14] . 
B. REVIEW OF EPA-MBOR
In EPA-MBoR [13] , the scatters are fixed to BoRs. So, a briefly review of the MoM for a BoR (MoM-BoR) is given firstly. In Fig. 3 , a BoR is formed by a generatrix rotating around the axis. Considering a perfect electric conductor (PEC) BoR, we can use Fourier series to expand its circumferential currents by:
where X(r) represents the electric current J(r) or magnetic current M(r) at r on the surface of BoR;t(r) andφ(r) represent the longitudinal unit vector and the circumferential unit vector respectively; x is the expansion coefficient of the BoR basis function; the superscript t/φ corresponds to two unit vectors and α represents the Fourier mode; the subscript n the serial number of the basis function along longitudinal direction with total number N ; f (t) is the one-dimensional basis function defined on the generatrix, chosen to be onedimensional triangle function in this paper [2] . The independent mode equations of MoM-BoR can be written as:
where Z αα , I α and V α are the impedance matrix, coefficient vector and right hand vector of the mode α. Mtr is the truncation of number of modes. Then, the mode equations can be solved one by one. So far, MoM-BoR combined with some acceleration algorithms [9] - [12] is the most accurate and efficient full wave method for the EM scattering problem of huge PEC BoRs. However, MoM-BoR is not suitable for the calculation of EM scattering from MBoR since the impedance matrix between any two non-coaxial BoRs cannot be decomposed into a series of independent mode impedance matrices. That is to say:
where α and β represent two different modes.
The EPA-MBoR [13] was proposed to solve the problem. As shown in Fig. 4 , the core idea of EPA-MBoR is to construct sphere ESs as a bridge between two non-coaxial BoRs. By building local coordinate systems, the equivalence operator S and translation operator T can be calculated in independent mode form based on MoM-BoR. The other critical step is to quickly convert the coefficients of currents among different local coordinate systems by the current coefficient transformation algorithm. We record it asR AB , whose superscipt means converting the coefficients from the local coordinate system B to A. Combined with (1), the formula for EPA-MBoR is:
C. THE SHORTAGE OF EPA-MBOR However, EPA-MBoR also has its shortage for computing the dense distribution problem. When two non-coaxial BoRs are very close, no matter how we build sphere ESs, they will overlap each other. Therefore, EPA-MBoR results in errors since the translation operators between the two sphere ESs violate the equivalence principle. In [28] , the source reconstruction method was used to compute the interaction between two overlapping ESs. In this way, the unknowns can be completely defined on ESs. It is a clever approach. But those methods all include the process of calculating the interactions between two PEC subregion directly, which leads to (4) workable and destroys the efficiency of the EPA-MBoR. Here, we give another way to deal with this problem.
III. THE IMPROVED EPA-MBOR WITH SPHERE ES CLUSTERS A. THE EQUIVALENCE OPERATOR IN THE IMPROVED ALGORITHM
The core idea of the improved algorithm is to reduce the radii of the ESs to avoid the intersection problem. For this purpose, as shown in Fig. 5 , we establish a sphere ES cluster outside each BoR instead single sphere ES. Similarly, the unknowns are also defined on sphere ESs. Two methods can be used for the equivalence process. The first method is to use the reconstruction source method [28] to calculate the interaction between overlapping sphere ESs in a cluster since they are coaxial. However, for a normal size BoR, the reconstruction source method will increase computation cost. So the second method is introduced to calculate the equivalence operator in the follow. In Fig. 6 , the BoR
The calculation process of the equivalence operator is given as follows: on D k i by:
where ZI is the outside-in matrix in equivalence operator.
• Step 3, repeat step 2 until the incident field on M i sub-BoRs of BoR D i are all calculated, and then synthesize the total vector of incident fields on D i by
Step 4, calculate the BoR basis coefficient vector of scattering currents j sc D i on D i by MoM-BoR:
where Z D i D i is the impedance matrix of MoM-BoR. 
where ZO is the in-outside matrix and [U P k i ] −1 is the current transform matrix on P k i . • Step 7, repeat steps 5 and 6 until all the equivalence electric and magnetic scattering current coefficient vectors on P i are calculated. According to the above process, the equivalence operator S α ii of mode α based on MoM-BoR can be written as:
in which, ZO α P i D i is a block diagonal matrix:
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B. THE TRANSLATION OPERATOR IN THE IMPROVED ALGORITHM
In the previous algorithm, the translation operator is built on the pair of sphere ESs of coupling subdomains, while in the improved algorithm, the translation operator has to calculate all of sub translation operators T P k i P l j from sphere ESs in P j to these in P i . The process for calculating the sub translation operator T P k i P l j is the same as that in the previous algorithm. Therefore, the second incident electric and magnetic incident current coefficients j in2 P k i and m in2 P k i on P k i induced by the equivalence scattering currents on P l j can be obtained by:
Assuming that the number of sphere ESs in the clusters on each BoR is all the same M , the total number of sub translation matrices and times of coefficient conversion among the local coordinate systems in (12) are MQ(MQ − 1). Therefore, the computation cost is increased with (MQ) 2 and the efficiency of the improved algorithm will decrease rapidly with MQ increasing for a large dense group. A compromise matter is adopted to solve the problem. For large-scale dense distributional MBoRs, one outer sphere ES is built outside each sphere ES cluster, as shown in Fig. 7 . The interactions between the source subdomains and observation subdomains can be divided into two classes: the near-field interactions and the far-field interactions. The outer-layer ESs of the pair of subdomains in far-field have to be no intersection. The translation operators in near-field are still calculated by above process, while the others in far-field are calculated by the below process, as shown in Fig. 8 .
We use C represents the outer-layer ES, and near i and far i represent the set of subdomains in near-field and far-field 
where ZO C h P h represents the generalized inside-out operator on source subdomain h from the inner-layer ES P h to the out-layer ES C h , computed by:
ZI P i C i represents the generalized outside-in operator on observation subdomain i from the out-layer ES C i to the inner-layer ES P i , computed by:
and T C i C h represents the generalized translation operator from subdomain h to subdomain i , computed by:
Then (5) 
where S ii and T ij represent the generalized equivalence operator and generalized translation operator containing the coefficient conversion processes.
IV. NUMERICAL EXAMPLES
In order to verify the improved algorithm, we use FORTRAN to program and execute on a computer under single precision. The basic frequency of the computer is 1.7GHz, the processor is Intel (R) Xeon (R) 3106 CPU, and the total memory is 64 GB. The setting of mesh size and truncated mode number is consistent with that in [13] . GMRES [29] is used in the iterative solver with convergence precision 1.0e-3. 
A. THE NECESSITY OF THE IMPROVEMENT
To illustrate the necessity of the improvement, we first calculate the EM scattering from a combination model of a PEC cylinder and a PEC sphere, as shown in Fig. 9 . The source is set to be uniform plane wave at 6.0 GHz with incidence angle (90 • , 0 • ) and polarization angle 0 • . The model is composed of two close non-coaxial BoRs. If the previous algorithm is used directly, the two sphere ESs on two BoRs cannot avoid overlapping as shown in Fig. 10 (a) . Fig. 10 (b) shows the sphere ES clusters on BoRs in improved algorithm. It can be seen that the clusters no longer intersect. In the program, there are 10 sphere ESs in the cluster with radii 0.07m-0.08m on the cylinder and one sphere ES with radius 0.155m on the sphere. The truncation mode is set to 9 on the cylinder and 19 on the sphere. The selection of the number and radii of sphere ESs in the clusters will be further discussed in next. The total unknowns are 33,996 in the improved algorithm. Fig. 11 shows the bistatic RCS with θ = [0 • , 360 • ] and φ = 0 • . The result of multilevel fast multipole algorithm (MLFMA) [30] is used as correct reference, where RWG basis functions are used with mesh size 0.1 wavelength and 86,802 unknowns. It can be seen from Fig. 11 that the result of the previous algorithm is in error shown by the dotted line and that of the improved algorithm shown by the line with circles is accurate compared with that of MLFMA shown by the solid line, where the root mean square errors (RMSE) of the previous algorithm and the improved algorithm are 3.96dBsm and 0.48dBsm respectively. It illustrates the necessity of the improvement. The time and memory consumption of the improved algorithm are 33 seconds and 43 MB respectively, with 5 iteration steps. Meanwhile, the time and memory consumption of MLFMA are 192 seconds and 269 MB, with a total of 28 iteration steps. It can be seen that the improved algorithm is superior to MLFMA.
B. THE ESTABLISHMENT STRATEGY OF SPHERE ES CLUSTER
In this example, we will discuss how to establish the sphere ES clusters. The EM scattering from two PEC cylinders with the same size is computed by the improved algorithm. As shown in Fig. 12 , the radius of the cylinder is 0.05m and height 1.5m. Their centers are located at (0.0m, 0.0m, 0.0m) and (0.15m, 0.0m, −0.2m) with their axes along the direction (0,0,1) and (0,1,1) respectively. The setting of incident field is the same as the first example. Table 1 shows the consumption of computation and storage with different sphere ES clusters. FIGURE 13 . The bistatic RCS of the combination model in Fig. 12 with the same incident source setting in Fig. 10 . The observation angle of RCS is θ = [0 • , 360 • ] and φ = 0 • . It can be seen that the results of the improved algorithm with different clusters are in good agreement.
In the table, M represents the number of sphere ESs in each cluster. The Fourier mode is automatically truncated by the method in [13] . Fig. 13 shows the comparison of the results of bistatic RCS calculated under different sphere ES clusters in table 1. It can be seen that different clusters have no effect on the correctness of the results. In addition, the impact on efficiency is limited by changing the setting of clusters. To facilitate the execution of the program, we can automatically establish the sphere ES cluster according to the following way:
• Step 1, divide the BoR in the group into two sub-BoRs, and establish one sphere ES on each sub-BoR.
• Step 2, judge whether the sphere ES clusters on different BoRs intersect. If they intersect, judge whether the surrounded BoRs are the same or not. If they are the same, enter step 3. If they are different, enter step 4.
• Step 3, to keep the same setting on the same type BoRs, repeat step 1-2 on the sub-BoRs surrounded by the intersecting sphere ESs, reestablish the sphere ES clusters on this kind of BoRs simultaneously, and enter step 5;
• Step 4, repeat step 1-2 on the two sub-BoRs surrounded by the two intersecting sphere ESs, reestablish the sphere ES clusters on the two kind of BoRs respectively, and enter step 5;
• Step 5, repeat step 2 to step 4 until all the sphere ES clusters do not intersect
C. TESTING EFFICIENCY OF THE IMPROVED ALGORITHM
Finally, the EM scattering from a large circular horn antenna array is computed to test the efficiency of the improved algorithm. Fig. 14 shows the details of the model containing 41 circle horns. The source is set to be uniform plane wave at 10.0 GHz with incidence angle (30 • , 0 • ) and polarization angle 0 • . Because the distance between two adjacent horn antennas is very small, the ESs in the previous method will be sure to intersect. So, the improved algorithm is used. The partial enlarged drawing in Fig. 14 Fig. 15 gives the results of bistatic RCS computed by the MLFMA and the improved algorithm with and without outer-layer ESs. It can be seen that they are in good agreement, verifying the correctness of the algorithm. Table 2 shows the performance comparison of the algorithms. We can see from the table that the performance of the improved algorithm without outer-layer ESs is better than that of MLFMA. While, the improved algorithm with outer-layer ESs are better than that of the improved algorithm without outer-layer ESs. Therefore, using doublelayer ESs is an effective scheme for accelerating the improved algorithm.
V. CONCLUSION
In order to correct the results of EPA-MBoR for modeling of dense distributional MBoRs, who contains two or more very close non-coaxial BoRs with intersected sphere ESs, an improved EPA-MBoR has been introduced in this paper. In the improved algorithm, a sphere ES cluster was instead of single ES on each BoR. We can flexibly adjust the radii of sphere ESs in a cluster, avoiding the intersection of them on different BoRs. In addition, an outer-layer ES, enclosing the sphere ES cluster, was utilized to reduce the computation cost of the improved algorithm. The numerical results have shown that the improved algorithm overcame the shortcoming mentioned-above and was as efficient as the previous algorithm. JIN CHEN received the B.S. degree in wireless communication and the M.S. and Ph.D. degrees in communications engineering and information system from the Institute of Communication Engineering, Nanjing, China, in 1993, 1996, and 1999, respectively. She is currently a Professor with the Institute of Communications Engineering, Army Engineering University of PLA, Nanjing. Her current research interests include wireless communications networks and cognitive radio networks.
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